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What?
[J regions of R™ bounded by a finite set of hyperplanes.

Why? Solving Classical Data-Flow Analysis Problems!
[ array bound checking and compile-time overflow detection;
[ loop invariant computations and loop induction variables.

Why? Verification of Concurrent and Reactive Systems!
[0 synchronous languages;
(1 linear hybrid automata (roughly, FSMs with time requirements);
[1 systems based on temporal specifications.

And Again: Many Other Applications. ..
[J inferring argument size relationships in logic programs;
[ termination inference for Prolog programs;
[1 string cleanness for C programs.

“ONVEX POLYHEDRA: WHAT AND WHY



NOT NECESSARILY CLOSED POLYHEDRA

Constraint Representation: con(C)

[0 Ifa € R", a # 0, and b € R, the linear non-strict (resp., strict) inequality
constraint {(a, ) > b (resp., (a,x) > b) defines a closed (resp., open)
affine half-space.

[1 Mixed constraint systems <—- NNC polyhedra.
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Generator Representation: gen(G), where G = (R, P, C)
[0 r» e R*isaray of P C R™ iffitis a direction of infinity for P;
0 peR"isapointof P CR" iff p € P.

[0 ¢ € R"is aclosure point of P C R" iff ¢ € C(P).
[J Al NNC polyhedra can be expressed as

pER,meRY,vER],
TFO0, D v =1

[1 Extended generator systems <—- NNC polyhedra.

{Rp—I—Pﬂ'—i-C'yER”
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EXAMPLE USING CONSTRAINTS

P=con({2<z,2<51<y<3e+y>3})

Y

-XAMPLE USING CONSTRAINTS



SAME EXAMPLE USING GENERATORS (1)

P = gen((R, P,.C)) = gen((Q, 9, @))

y

Y
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SAME EXAMPLE USING GENERATORS (I1)

P =gen((R, P,C)) = gen((ﬁ, {A}, ®)>

y

Y
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SAME EXAMPLE USING GENERATORS (1)

P = gen((R, P.C)) = geII((@, {A}, {B}))

y
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SAME EXAMPLE USING GENERATORS (1V)

P =gen((R, P,C)) = gen<(@, {A}, {B,C}))-

y

Y

>AME EXAMPLE USING GENERATORS (1V)



SAME EXAMPLE USING GENERATORS (V)

P =gen((R, P,C)) = gen((@, {A}.{B.C, D})>

A

y

Y
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SAME EXAMPLE USING GENERATORS (V1)

P = gen((R, P,C)) = gen((2, {4, E},{B,C, D})).

A

y

Y

>AME EXAMPLE USING GENERATORS (VI)
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ENCODING NNC POLYHEDRA AS C POLYHEDRA

[ Let P, and CPP,, be the sets of all NNC and closed polyhedra,
respectively: each P € P, can be embedded into R € CP,, 1.

[1 A new dimension is added, the ¢ coordinate:
e to distinguish between strict and non-strict constraints;
e to distinguish between points and closure points.

(1 (Will denote by e the coefficient of the e coordinate.)

[0 The encoded NNC polyhedron:

def

P=[R] = {'vE]R”|EIe>O.('vT,e)TER}.

‘NCODING NNC POLYHEDRA AS C POLYHEDRA
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EXAMPLE: ENCODING P; INTO CP,

R1 encodes P; = con({0 < z < 1}),

R encodes P, = con({2 < z < 3}).

A
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O IfPeP, and P = con(C), where

Cz{(ai,m> ><; b; ‘ie{l,...,m},ai e R", E{Z,>},bz‘ ER},

then R € CP, 41 is defined by R = con (con_repr(C)), where

con_repr(C) & {0< 1}
U{(a L,m}, < € {>}}
U {(ai,z)+0- e>z>yze{1 L,m}, < € {>} ).

0 IfPeP, and P = gen(G), where G = (R, P,C),then R € CP,,41 is
defined by R = gen(gen_repr(G)) = gen((R’, P')), where

R’:{(TT,O)T lreR},
Pr={(p, )" @0 |peP}u{(c,0) |ceC}.

'HE APPROACH BY HALBWACHS ET AL.
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[1 With a little precaution the operations on representations do (or can be

slightly modified to do) what is expected:
[ intersection;

[1 convex polyhedral hull;
[ affine image and preimage,;
[]
[1 This encoding is used in the New Polka library by B. Jeannet and in the
Parma Polyhedra Library.
(] Is this approach the only possible one?

[1 Can we generalize this construction so as to preserve its good qualities?

'HE APPROACH BY HALBWACHS ET AL. (CONT'D)
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THE CONSTRAINT ¢ < § IS NEEDED ...

Suppose we do not add any e-upper-bound constraint:

R encodes P; = con({0 < z < 1}),

R encodes P, = con({2 < z < 3}).

'HE CONSTRAINT € < § IS NEEDED ...
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.. BECAUSE OTHERWISE THE POLY-HULL IS NOT CORRECT

The poly-hull P; WPy is not represented correctly by R, & Rs.

P1 W Po det COH({O <z < 3}),
R1 W R, encodes P’ = con({0 < z < 3}).

.. BECAUSE OTHERWISE THE PoLY-HULL 1S NOT CORRECT
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THE CONSTRAINT € > 0 1S NEEDED ...
Suppose we do not add the non-negativity constraint for e:

R encodes P; = con({0 < z < 1}),

R encodes P, = con({2 < z < 3}).

A
€

'HE CONSTRAINT € > 0 1S NEEDED ...
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...FOR THE SAME REASON ...

The poly-hull P; WPy is not represented correctly by R, & Rs.

P1 WPy def COH({O <z < 3}),
R1 W R, encodes P = con({0 < z < 4}).

..FOR THE SAME REASON ...

18



...BUT THIS TIME THERE IS A WORKAROUND!

In the encoding, for each strict inequality constraint, do also add the
corresponding non-strict inequality.

R défcon({eg l,z—e>0,2>0,—z—e>—1,—z > —1}).

/
€
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THE ALTERNATIVE ENCODING
O IfPeP, and P = con(C), where

C:{(ai,a}) >; b; ie{l,...,m},ai e R", G{Z,>},b@' GR},

then R € CP,41 is defined by R = con(con_repr(C)), where

con_repr(C) = {e < 1}

L,m}, < € {>}}

u{ x)+0-€e> b \ze{l Lmb,; € {>,>} )

0 IfPeP, and P =gen(G), where G = (R, P,C),then R € CP,, 41 iS
defined by R = gen(gen_repr(G)) = gen((R', P')), where

R={0",-)"}u{(E"0" |reR},

P={(p",1)"'|peP}lu{(g,0) |geC}.

'HE ALTERNATIVE ENCODING
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[1 The alternative encoding has dual properties with respect to the original
by Halbwachs et al.

[ With the original, the encoding of an NNC polyhedron may require a
similar number of constraints but about twice the number of
generators: it is constraint-biased.

1 With the alternative, it may require a similar number of generators
but twice the number of constraints: this encoding is
generator-biased.

—> Due to the use of exponential algorithms, their computational behavior

can vary wildly depending on the operation and on the actual polyhedra
being manipulated.

—> It seems likely that the performance of one encoding with respect to the
other will heavily depend on the particular application.
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[1 An implementation of the proposed techniques is ongoing.

[

Interested? Go to http://www.cs.unipr.it/ppl/, learn how to
access the CVS repository anonymously, and check out the alt_nnc
development branch!

[1 Can we devise efficient techniques so as to use both constraint- and
generator-biased encodings, switching dynamically from one to the
other in an attempt to maximize performance?

[0 A minimized encoding may represent a non-minimized NNC polyhedron:

[]
[
[]

this is true for both encodings;

in our SAS’02 paper we propose a stronger form of minimization;
we are working on a generalization of this idea that encompasses
both the constraint- and the generator-biased encodings.

-UTURE WORK
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